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Using Landau-Ginzburg-Devonshire approach we calculated the equilibrium distributions of electric field,
polarization, and space charge in the ferroelectric-semiconductor heterostructures containing proper or incipi-
ent ferroelectric thin films. The role of the polarization gradient and intrinsic surface energy, interface dipoles,
and free charges on polarization dynamics are specifically explored. The intrinsic field effects, which originated
at the ferroelectric-semiconductor interface, lead to the surface band bending and result into the formation of
depletion space-charge layer near the semiconductor surface. During the local polarization reversal �caused by
the electric field of the nanosized tip of the scanning probe microscope� the thickness and charge of the
interface layer drastically changes, in particular, the sign of the screening carriers is determined by the polar-
ization direction. Obtained analytical solutions could be extended to analyze polarization-mediated electronic
transport.
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I. INTRODUCTION

Polar discontinuity at the interfaces induced either by
translational symmetry breaking of a ferroelectric material or
ionic-charge mismatch between the components can produce
intriguing modification of the interfacial electronic states and
polarization of the adjacent materials.1–4 The representative
interfacial phenomena arising from the interplay between po-
larity and electronic structure include two-dimensional elec-
tron gases at the interface of band �LaAlO3 /SrTiO3� �Ref. 2�
or band and Mott insulators5 and polarization-controlled
electron tunneling across ferroelectric-semiconductor or
half-metal interfaces �PbTiO3 / �La,Sr�MnO3,BaTiO3
/SrRuO3�.6–9 These novel physical phenomena emerging in
oxide materials at the nanometer scale hold strong potential
for novel devices. Correspondingly, the theoretical insight
into the epitaxial interfaces of normal and incipient ferroelec-
trics with half-metals and semiconductors and interplay be-
tween atomistic phenomena at interfaces, mesoscopic poten-
tial, and field distributions is acutely needed.

As an illustrative example, the notorious problem of the
Schottky barrier in ferroelectric films is still widely debated,
with the key question of whether sub-100-nm films are fully
depleted, or that the width of the depletion regions is in the
sub-10-nm range due to the overall high density �1020 cm−3

of shallow and deep donor and/or acceptor levels in the film,
and particularly in the interfacial regions.10 More impor-
tantly, only several previous works, such as the concept of a
ferroelectric Schottky diode11 and the dielectric nonlineari-
ties in the epitaxial piezoelectric transducer films,12,13 have
emphasized the effect of space-charge layers on polarization
distribution and domain-switching dynamics inside ferro-
electric films.

In the current paper we present analytical calculations of
the polar-active properties �including local polarization re-

versal� in the proper and incipient ferroelectric-dielectric thin
films within Landau-Ginzburg-Devonshire �LGD� phenom-
enological approach with a special attention to the polariza-
tion gradient and intrinsic surface energy, interface dipoles,
and free charges. We analyzed the influence of finite-size
effect on the intrinsic electric field and polar-active proper-
ties of the ferroelectric-semiconductor heterostructures. Al-
though the stability of the spontaneous polarization in the
system ferroelectric film /insulator/semiconductor was previ-
ously studied within LGD approach,14 the band structure of
the system, interface charges and dipoles, and the polariza-
tion gradient and intrinsic surface energy of ferroelectric film
were previously ignored. Hence, this work provides a frame-
work to link the mesoscopic LGD-semiconductor theory to
the first-principles calculations that can reveal the details of
the electrostatic field structure at the interface.

The paper is organized as follows. After stating the prob-
lem in Sec. II, analytical solutions for polarization, electric
potential, and field and space charge distributions in the
model heterostructure are presented in the Secs. III A and
III B. The results of the stable ground-state calculations for
SrTiO3 / �La,Sr�MnO3 �STO/LSMO� and BiFeO3 / �La,Sr�
MnO3 �BFO/LSMO� heterostructures are presented the Sec.
III C. Metastable states are considered in Sec. III D. The ef-
fect of the incomplete screening and interface charge on the
local polarization reversal and domain formation caused by
the electric field of the scanning probe microscope �SPM� tip
is studied in the Sec. IV. The tunneling current density is
estimated, providing an analytical approach to quantify re-
cent experimental measurements of polarization-controlled
tunneling.6–9

II. PROBLEM STATEMENT

Here we consider an asymmetric heterostructure consist-
ing of a narrow-gap �or metallic� semiconductor and a thin
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ferroelectric film of thickness L. We will consider the two
cases of the proper and incipient ferroelectric films, both
either a wide-gap semiconductor or a dielectric �i.e., semi-
conducting properties of ferroelectric are neglected�. In the
initial state, the external bias is absent and the free ferroelec-
tric surface z=−L is completely screened by the ambient
sluggish charges �Fig. 1�a��. Then inhomogeneous external
bias U�x ,y� is applied to the tip electrode. The bias increase
may cause local polarization reversal below the tip that fi-
nally results into cylindrical domain formation in thin ferro-
electric film �see the final state in Fig. 1�c��. Note that while
we consider the tip-induced polarization switching, the ob-
tained solutions are applicable for capacitor geometry in the
limit of uniform potential.

The contact potential difference Ub at the interface z=0
originates from the band mismatch between ferroelectric and
semiconductor, the interface bonding effect, and interfacial
polarity �Fig. 1�b��. The band bending in the semiconductor
leads to the depleted charged layers of thickness WS with
space charge �S.

The screening interface charge �S could originate at z=0
self-consistently in the case of the bad screening from the
semiconductor side �i.e., for thick depletion layer created by
the minor-type carriers�. The nonideal screening that causes
the strong depolarization field controls the self-consistent
mechanism. The field decreases the polarization inside the
ferroelectric film and increases the free energy of the system
since depolarization field energy is always positive. As a

result, the strong field effect may lead to the bend bending at
z=0 and appearance of charge states at the interface. The
interface charges �S of appropriate sign provide effective
screening of the spontaneous polarization, make it more ho-
mogeneous and thus decrease the depolarization field, which
in turn self-consistently decreases the system free energy.
The density of the interface charge �S depends on energetic
position of chemical potential � at the surface that modifies
the Shottky barrier. The potential � is manly determined by
the interface layers with the energy density NS �per unit en-
ergy� of quasicontinuous surface states and Fermi level EF at
the neutral surface.15–17

We assume that in the initial state the sluggish surface
charges � f completely screen the electric displacement out-
side the film, i.e., � f�x ,y ,−L�=−D3�x ,y ,−L�, ��x ,y ,−L�=0,
and D3�z�−L�=0. This behavior is analyzed in Sec. III.

In contrast, recharging of the surface charges � f should
appear during the polarization reversal due to the ambient
charges accommodation, displacement current, and tunneling
effects as explained below. The ultrathin dielectric gap of
thickness H models the resistive properties of the sluggish
surface charges � f, contamination or dead layer, as well as
physical gap between the tip and the ferroelectric film sur-
face. Due to the displacement current corresponding to the
polarization reversal, free charges −� f are instantly accom-
modated at the conducting SPM tip surface. Then the elec-
tron’s tunneling across the gap would result in the gradual
neutralization of the uncompensated charges �uncop�x ,y , t�
=� f�x ,y ,−L , t�+D3�x ,y ,−L , t� and thus to the self-consistent
lowering of the potential barrier between the SPM tip and the
ferroelectric film surface z=−L. The process is dynamic, re-
sulting into the complex temporal dependence of the total
electric current consisting of the “fast” polarization-reversal
contribution and the relatively “slow” tunneling current esti-
mated in the end of the Sec. IV. The tunneling current stops
only when the full neutralization of the uncompensated
charges is reached.

Without loss of generality one can assume that the equi-
librium domain structure is almost cylindrical for the case of
complete local polarization reversal in thin ferroelectric film.
The assumptions significantly simplify the problem consid-
ered in the Sec. IV and allow developing the analytical de-
scription for the domain formation.

Hereinafter we assume that the time of external field
changing is small enough for the validity of the quasistatic
approximation rotE�0. Maxwell’s equations for the quasi-
static electric field E=−�� and displacement D inside semi-
conductors have the form

div D = div�	0E + P� = ���� . �1�

Here the electrostatic potential ��x ,y ,z� is determined by
external bias as well as by contact and surface effects. The
potential is interdependent with the free carrier density ����
determined by the concentration of holes in the valence
band, electrons in the conduction band, and acceptors and
donors at their respective levels in the band gap.16

The ferroelectric film that occupies the region −L�z�0
is transversally isotropic, i.e., permittivity 	11=	22 at zero
electric field. We further assume that the dependence of in-
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FIG. 1. �Color online� �a� The initial state of the considered
heterostructure: semiconductor/�incipient or proper� ferroelectric-
dielectric film of thickness L. P3 is the ferroelectric polarization. �b�
Sketch of the electrostatic potential distribution: � is the electro-
static potential, Ub is the contact potential difference on
ferroelectric-semiconductor interface, WS is the electric field pen-
etration depth into the semiconductor, i.e., the thickness of the
space-charge depletion layer �shown by dashed and solid lines for
different charge signs. Prolate rectangles show the interface �� f�
and surface ��S� charges. �c� The final state of the ferroelectric film
is the local polarization reversal caused by the biased SPM probe.
�d� During the tip-induced polarization reversal an ultrathin dielec-
tric gap H between the tip electrode and the ferroelectric surface
could exist. Squares denote the screening surface charges � f and the
opposite charge accommodated at the tip surface.
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plane polarization components on E1,2 can be linearized as
P1,2�	0�	11−1�E1,2 �	0 is the universal dielectric constant�
while the polarization component P3 nonlinearly depends on
external field. Thus corresponding polarization vector ac-
quires the form: P�r�= �	0�	11−1�E1 ,	0�	11−1�E2 , P3�E ,r�
+	0�	33

b −1�E3�.18

Within the framework of the LGD theory, quasiequilib-
rium polarization distribution P3�x,y ,z� in the ferroelectric
film with the spatial dispersion should be found from the
Euler-Lagrange boundary problem

�

�

�t
P3 + �P3 + �P3

3 + P3
5 − g��� +

�2

�z2�P3 = −
��

�z
,

	�P3 + �1
�P3

�z
�	

z=0
= − Pb,	�P3 − �2

�P3

�z
�	

z=−L

= 0. 

�2�

Hereinafter we introduced a transverse Laplace operator
��= �2

�x2 + �2

�y2 . The initial condition P3�x ,y ,z , t=0� corre-
sponds to the single-domain state. Kinetic coefficient 
�0.

The temperature-dependent coefficient � is positive for
incipient ferroelectric and proper ferroelectrics in paraelec-
tric phase, while ��0 for proper ferroelectrics in ferroelec-
tric phase, ��0 for the second-order ferroelectrics mainly
considered hereinafter, gradient coefficient g�0. Extrapola-
tion lengths �1,2 originate from the surface-energy coeffi-
cients in the LGD-free energy.

Inhomogeneity Pb describes the effect of the interface po-
larization stemming from the interface bonding effect and
associated interface dipole.19,20 More generally, the transla-
tion symmetry breaking inevitably present in the vicinity of
the any interface will give rise to inhomogeneity in the
boundary conditions in Eq. �2�.21,22

Eqs. �1� and �2� yield the coupled system

� �2�

�z2 + ���� = 0, − H − L � z � − L ,

	33
b �2�

�z2 + 	11��� =
1

	0
� �P3

�z
− � f����, − L � z � 0,

	0	S� �2�

�z2 + ���� = − �S���, z � 0. �3�

The background dielectric permittivity of �incipient� ferro-
electric 	33

b �typically 	33�	33
b �; 	S is the semiconductor

�bare� lattice permittivity.
Equations �3� are supplemented with the boundary condi-

tions at z=−L−H, z=−L, z=0, and z=+�, namely,

��x,y,− L − H� = Ue�x,y� ,

��x,y,− L + 0� = ��x,y,− L − 0� ,

��x,y,z → �� = 0, �4a�

��x,y,+ 0� − ��x,y,− 0� = Ub, �4b�

	0	33
b ���x,y,− 0�

�z
− P3�x,y,− 0� − 	S	0

���x,y,+ 0�
�z

= �S�x,y� , �4c�

− 	0	33
b ���x,y,− L + 0�

�z
+ P3�x,y,− L + 0�

+ 	33
g 	0

���x,y,− L − 0�
�z

= � f�x,y� , �4d�

where Ub is the contact potential difference at the dielectric-
semiconductor interface. 	33

g is the dielectric constant of the
dielectric gap between the tip and ferroelectric surface. The
potential distribution Ue�x ,y� produced by the SPM tip is
assumed to be almost constant in the surface spatial region
much larger then the film thickness.

III. SOLUTION FOR POLARIZATION, ELECTRIC
POTENTIAL, AND FIELD AND SPACE

CHARGE DISTRIBUTIONS

A. Analytical solutions for the one-dimensional case

Here we calculate the potential and polarization distribu-
tion in the initial ground state in the one-dimensional �1D�
case Ue=const. that corresponds to the plane electrodes. The
case is realized in paraelectric or incipient ferroelectric film
as well as in the monodomain state of the proper ferroelectric
thin film.

The space-charge density inside the doped p-type �or
n-type� semi-infinite semiconductor has the form

�S��� = q�p��� + Nd
+��� − n��� − Na

−���� ,

p��� = Np
0 · F�EF − EV + q�

kBT
� ,

Nd
+��� = Nd · F�EF − Ed + q�

kBT
� ,

n��� = Ne
0F�EC − EF − q�

kBT
�, Na

−��� = NaF�Ea − EF − q�

kBT
� ,

�5a�

where F���= �exp���+1�−1 is the Fermi-Dirac distribution
function, q is the absolute value of the carrier elementary
charge. EF, EV, EC, Ed, and Ea are the energies of Fermi
level, valence band, conductance band, and donor and accep-
tor levels in the quasineutral region of the semiconductor
correspondingly. Since �S���→0 in the quasineutral region
of the semiconductor, where �→0, the identity p�0�
+Nd

+�0�−n�0�−Na
−�0�=0 should be valid. The identity along

with typical assumption Nd
+�const, Na

−�const. and Boltz-
man approximation for electrons EC−EF−q��kBT or holes
EF−EV+q��kBT lead to expressions �S�qpS

0�exp�− q�
kBT �

−1� or �S�−qnS
0�exp� q�

kBT �−1� correspondingly, where pS
0

and nS
0 are equilibrium concentrations of holes and electrons

in the quasineutral region of the semiconductor.23
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Then in depletion layer �or abrupt junction� approxima-
tion the space charge density near the interface of the
strongly doped p-type �or n-type� semi-infinite semiconduc-
tor has the form

�S��� � �S
0 0 � �z� � WS

0 �z� � WS.
� �5b�

Hereinafter the choice of the charge density �S
0=qpS

0 and
depth WS=WSp �or �S

0=−qnS
0 and WS=WSn� is determined by

the sign of potential �i.e., by the sign of charge in depletion
layer�. More rigorously, for the definite type of carriers the
thicknesses of the depletion layers WS �i.e., the field penetra-
tion depths� should be determined self-consistently from the
exact solution of the system, Eqs. �3�, �4a�–�4d�, and �5�.

The ferroelectric film is regarded as a wide-gap proper
semiconductor or almost dielectric so its space-charge den-
sity is negligibly small: � f����0 at −L�z�0. The nonzero
1D solution of Eqs. �3� with respect to the boundary condi-
tions in Eqs. �4a�, �4c�, and �4d� is

��z� � �
−

�S
0

2	0	S
�WS − z�2��WS − z�, z � 0

�
−L

z P3�z̃�
	0	33

b dz̃ − �L + z���S
0WS − �S

	0	33
b � + Ue +

H

	0	33
g ��S + � f − �S

0WS�, − L � z � 0

Ue +
H + L + z

	0	33
g ��S + � f − �S

0WS�, − L − H � z � − L .

 �6�

Here ��z� is the step function. So the semiconductor potential
and space charge are distributed in the layer 0�z�WS and
zero outside. Approximate expressions in Eq. �6� for the po-
tential � correspond to parabolic approximation valid in the
depletion/accumulation limit, at that WSn�WSp or WSn
�WSp depending of the main carriers n or p type. Note, that
in the accumulation regime the interface charge �S is local-
ized in the thin depletion layer of several nm �for oxide elec-
trodes� thickness WS that is occupied by the main-type car-
riers. The opposite case of charged layers created by the
minor-type carriers, which can appear during the polarization
reversal, could lead the strong band bending and accommo-
dation of �S.

From Eq. �6� we derived the electric field E3 and electri-
cal displacement D3 distributions in the parabolic approxi-
mation

E3�z� � −
�S + � f − �S

0WS

	0	33
g ,

D3�z� = − �S − � f + �S
0WS,

at

− L − H � z � − L ,

E3�z� � −
P3�z�
	0	33

b +
�S

0WS − �S

	0	33
b , D3�z� = �S

0WS − �S,

at

− L � z � 0,

E3�z� �
�S

0

	0	S
�z − WS���WS − z� , �7�

D3�z� = �S
0�z − WS���WS − z� ,

at z�0. Note, that due to the ambient humidity and tunnel-
ing effects the free sluggish screening charge � f�t� with char-
acteristic relaxation time �S should originate at the another
interface z=−L. Under the condition � f�t��S�→−�S
+�S

0WS the electric field in the gap tends to zero and any
current stops self-consistently when the system reaches the
final equilibrium state. The relaxation time �S may be rela-
tively high or relatively small in comparison with the polar-
ization relaxation time �P�
 / ��� that rules the time scale in
Eq. �2�. In order to obtain analytical expressions, three lim-
iting cases are considered below: �a� quasiequilibrium polar-
ization P3�z� relaxation for the uncompensated charge � f,
which is possible at the times �P� t��S and condition �S
��P �adiabatic approximation�; �b� the final state � f =−�S
+�S

0WS reached at the times t��S and t��P; and �c� relaxed
polarization at t��P and H=0 �no gap and no tunneling
current�.

Allowing for Eqs. �6� and �7� the quasiequilibrium polar-
ization distribution P3�z , t��P� was found from the static
Euler-Lagrange boundary problem in Eq. �2� as described in
Appendix A. At the times t��P the polarization distribution
acquires the form

P3�z� =
	S − 1

	S
�S

0�z − WS� · ��WS − z�, z � 0, �8a�

P3�z� =
2	0	33

b �P3�3�� + 2�P3�2� + �S
0WS − �S

	0	33
b �� + 3��P3�2 + 5�P3�4� + 1

f�z,L�

− Pbb�z,L�, − L � z � 0. �8b�
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Parameter �P3� in Eq. �8b� is the polarization averaged over the film depth: �P3�� 1
L�−L

0 P3�z̃�dz̃. The polarization spatial
distribution is governed by the functions f and b

f�z,L� = 1 − �
�2 cosh��L + z�/�� + �1 cosh�z/�� + ��sinh��L + z�/�� − sinh�z/���

��2 + �1�2�sinh�L/�� + ���1 + �2�cosh�L/��
, �9a�

b�z,L� =
��2 cosh��L + z�/�� + �2 sinh��L + z�/��

��2 + �1�2�sinh�L/�� + ���1 + �2�cosh�L/��
. �9b�

Characteristic length ���	0	33
b g.

The average polarization �P3� and depths WSn,p should be
determined self-consistently from the spatial averaging of

Eq. �8b� and the boundary conditions in Eq. �4b�. After el-
ementary transformations we obtained the system of two
coupled algebraic equations

��P3� = �S
0WS − �S +

	33
b �S

0

2L	S
WS

2 −
	0	33

b

L
�Ub + Ue +

H

	0	33
g ��S + � f − �S

0WS��
�� +

1

	0	33
b ��P3� + ��P3�3�3 − 2�f�� + �P3�5�5 − 4�f�� = ��S

0WS − �S

	0	33
b ��f� −

Pb

	0	33
b �b� ,
 �10�

where the average values �f��1−
�2�2�+�1+�2�

L����1+�2�+�2+�1�2� and �b�
� �2

L��+�1� .
For H�0 one should put the surface-charge density � f

=�S
0WS−�S in the final �or ground� state, when the electric

current and field are absent inside the gap �see Eq. �7��. Thus
we should put � f =−�S+�S

0WS for the stable or metastable
states calculations from Eqs. �6�, �7�, �8a�, �8b�, �9a�, �9b�,
and �10� in the Secs. III C and IV, which is mathematically
equivalent to the condition H=0.

During the system relaxation to the equilibrium the den-
sity � f may vary self-consistently until reaches the value
��S

0WS−�S� at times t��S. To account for the possible
changes in � f in the “adiabatic approximation” �S��P, be-
low we introduce the dimensionless degree of surface screen-
ing �, namely, � f =���S

0WS−�S�, at that 0���1 at times
t��S and �→1 at times t��S.

Eqs. �8� and �9� and transcendental relations in Eq. �10�
are valid for both the first- and the second-order ferroelectric
films with arbitrary thickness. Expressions �8a�, �8b�, �9a�,
�9b�, and �10� will be used in the Secs. III C and III D while
below we derive approximate evident expressions for the
second-order ferroelectrics.

B. Stability of the “up” and “down” polarization states
for the second-order ferroelectrics

In particular case of the narrow-gap semiconductor and
thick-enough film of the second-order ferroelectrics the
strong inequality WS�L is valid and all terms proportional
to  could be neglected for qualitative description since �
�0. These assumptions lead to the linear approximation in

Eq. �10�, namely, �P3����S
0WS−�S��1+

	33
b H

	33
g L

�1−���

−
	0	33

b

L �Ub+Ue�, which gives the cubic equation for the aver-
age polarization

� +
1

	0	33
b �1 −

	33
g L�f�

	33
g L + 	33

b �1 − ��H��
��P3� + ��P3�3�3 − 2�f��

= Eb
f �L,H� + Ee

f�L,H� . �11a�

where the built-in electric field Eb
f �L ,H� and external field

Ee
f�L ,H� are introduced as

Eb
f �L,H� =

	33
g �f�Ub

	33
g L + 	33

b �1 − ��H
−

Pb

	0	33
b �b� , �11b�

Ee
f�L,H� =

	33
g �f�Ue

	33
g L + 	33

b �1 − ��H
. �11c�

Note that Eq. �11a� this is equivalent to the equation for
ferroelectric polarization hysteresis loop in the uniform elec-
tric field while the built-in field Eb

f �L ,H� determines the hori-
zontal imprint of the loop. Thus for the case considered by
Eqs. �11� the symmetric intrinsic coercive fields Ec

b

= �
2

3�3
�− �3

� of a bulk material24 become asymmetric and
have the form.
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Ec
� = − Eb

f �L,H� �
2

3�3�−
1

��3 − 2�f����T� +
1

	0	33
b �1 −

	33
g L�f�

	33
g L + 	33

b �1 − ��H��3
. �12�

Renormalization of the coefficient � in Eq. �11�, i.e., the

term 1
	0	33

b �1−
	33

g L�f�
	33

g L+	33
b �1−��H �, quantitatively reflects the “ex-

trinsic contribution” �factor 0�
	33

g L

	33
g L+	33

b �1−��H �1� originated
from the depolarization field produced by the finite gap H
and the “intrinsic contribution” �factor 0� �f��1� originated
from the finite extrapolation lengths �i�� and intrinsic po-
larization gradient ��f�=1 for either g=0 or both �i=��.
Thus Eq. �11� allows rigorous estimations of both extrinsic
and intrinsic contributions into the renormalization of the
transition temperature into paraelectric phase �compare the
result for the case �=0 with Ref. 25�.

For proper ferroelectrics the coefficient ��T�=�T�T−Tc
��,

where T is the absolute temperature. Tc
� is the Curie tempera-

ture renormalized by the epitaxial misfit strain um= �a /c�−1.
The strain originated from the thin film �a� and semiconduc-
tor �c� lattice constants mismatch �see Ref. 26 for details�.

For the cube-on-cube epitaxy of perovskites and consid-

ered out-of-plane polarization geometry Tc
�=Tc+

um
�

�T

4Q12

s11+s12
,

where sijkl is the compliances tensor positively defined, Qijkl
stands for the electrostriction strain tensor, um

� is the effective
misfit strain, at that um

� �L��um, L�hd and um
� �L��umhd /L,

L�hd �hd is the critical thickness of dislocations
appearance�.22 For thin films the coefficient � is also renor-

malized by the misfit strain as:26 �=�b+
4Q12

2

s11+s12
��b is the bulk

value�. However for the opposite case L�hd it should be
�→�b and we estimated the asymptotic law as ���b

+
4Q12

2

s11+s12

hd
2

L2 .
Actually, it is well-known fact that misfit dislocations

originate in epitaxial films when their thickness is more than
the critical thickness of dislocations appearance hd.27 The
thickness decreases with the interface misfit strain um in-
crease. In accordance with the Matthews-Blakeslee theory
and Speck and Pompe model for perovskites, hd

� b
um

�2 ln�4hd/b�
8��1+�� �um

−1 in the wide range of um, which is in good
agreement with experiments and �b�a is the Burgers vector
of dislocation, ��0.3 is the Poisson’s ratio�. For typical mis-
fit strains �um��10−2 the thickness hd�10–0.5 nm, i.e., it is
not more than several tens of lattice constants.27 Estimations
show that the strain renormalization of � and � is important
for ultrathin ferroelectric films with thickness L smaller than
hd and becomes negligibly small for films with L�hd. �see
the Table II in Sec. III C�.

Hence, the critical thickness �as well as the critical tem-
perature� of the size-induced transition of the ferroelectric
film into paraelectric phase can be found from the condition

�+ 1
	0	33

b �1−
	33

g L�f�
	33

g L+	33
b �1−��H �=0 as

Lcr�T� � −
1

	0��T� �2�2� + �1 + �2�
	33

b ����1 + �2� + �2 + �1�2�
+

�1 − ��H
	33

g �
�13�

Tcr�L� � T
c
* −

1

�T	0	33
b �1 −

	33
g L

	33
g L + 	33

b �1 − ��H

�1 −
�2�2� + �1 + �2�

L����1 + �2� + �2 + �1�2��� �14�

For unstrained incipient ferroelectric film the coefficient
��T� is positive up to zero temperatures and typically is
given by Barret’s formula, �=�T�

Tq

2 coth�
Tq

2T �−Tc
��. Thus the

critical temperature �as well as the critical thickness� does
not exist for Tc

��0 since the film remained paraelectric up to
zero Kelvin. However for the strained film Tc

� may become
positive, indicative of the transition to the ferroelectric
state.28

For particular case H=0 �gap is absent� the build-in field
Eb

f is inversely proportional to the film thickness, Eb
f �L ,0�

�B /L, while its value depends on the built-in polarization
Pb, surface charge � f, and contact potential difference Ub
�see Eq. �11b� and the dashed almost straight line in Fig.
2�a��. The build-in field Eb

f leads to the vertical asymmetry
and horizontal imprint of the polarization hysteresis loops in
ferroelectric films of thickness more than critical L�Lcr�T�
�see regions 2 and 3 in Figs. 2�a� and 2�b��. Field-induced
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polarization
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f
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b
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+
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�
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1

Ee
f

4
32

1 5

6

Ee
f

Up P3

Down P3 Eb
f

P3 P3

(a)

(c)(b)

Down state

FIG. 2. �Color online� �a� Diagram in coordinates “field-inverse

thickness,” �
Ee

f

Ec
b ,

Lcr

L � that shows the stability of the up ��P3��0� and
down ��P3��0� polarization states in a ferroelectric film. Dashed
curve is the thickness dependence of the built-in field −Eb

f �L� cal-
culated from Eq. �11b�; solid curves are thickness dependences of
right and left coercive fields Ec

��L� calculated from Eqs. �11b� and
�12� at H=0, fixed temperature and extrapolation lengths. Ec

b is the
absolute value of the bulk coercive field, Lcr is the film critical
thickness given by Eq. �13�. ��b� and �c�� Hysteresis loops schemat-
ics in a ferroelectric phase �b� and field-induced polarized state �c�.
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polarized state appears at film thickness less than the critical
one L�Lcr�T� �see regions 5 and 6 in Figs. 2�a� and 2�c��.

For typical ferroelectric material parameters approximate
expressions for the right and left coercive biases are
Ec

��L ,0 ,T��−�B /L��Ec
b�T���1−Lcr�T� /L�3 �see Eq. �12��.

Thus solid curves in Fig. 2�a� look like an asymmetric “bird
beak” with the tip Ec

��L=Lcr��−�B /Lcr� and asymptotes
Ec

��L�Lcr�→ �Ec
b�T�. The built-in field sign and thickness

dependence determine the beak ��up�� or ��down�� asymme-
try and shape correspondingly.

Note, that there may be two possible solutions corre-
sponding to the polarization up and down. Region 4 in Fig.
2�a� corresponds to the stable “up” polarization states ��P3�
�0�, metastable states are absent here. The situation is vise
versa in the region 1. Region 6 corresponds to the up polar-
ization. The situation is vise versa in the region 5. Hysteresis
loops are absent in the thickness regions 5 and 6, since at
thicknesses L�Lcr the loops never exist, here renormalized
coefficient � becomes positive and coercive bias given by
Eq. �12� is complex value.

Bistability of polarization states exists only in the regions
2 and 3. Up states are absolutely stable in the region 3 while
the “down” state is metastable here. The situation is vise
versa in the region 2. The depletion lengths WSn,p are at least
several times different for to the up and down polarization
states. In the next sections we will show how the presence of
build-in field Eb

f smear the size-induced phase transition and
induces polarization in the incipient ferroelectric films.

C. Calculations of the stable ground state for typical
heterostructures (1D case, Ue=0)

Here we calculate the potential and polarization distribu-
tion in the absolutely stable ground state, metastable states
will be discussed in the next section. First, we derive the
field structure for the case when the external bias is absent
�Ue=0�. This one-dimensional case is realized in paraelectric
or incipient ferroelectric film as well as in the monodomain
state of the proper ferroelectric thin film. We assume that the
surface charge � f localized at z=−L should provide the full
screening of the spontaneous polarization outside the film
and minimize the depolarization field energy, i.e., they acts
as a perfect electrode and thus provide D3�z=−L+0�=� f and
D3�z�−L−0�=E3�z�−L−0�=0. Thus we should put � f
=−�S+�S

0WS for the stable or metastable states calculations
from Eqs. �6�, �7�, �8a�, �8b�, �9a�, �9b�, and �10�, which is
mathematically equivalent to the condition H=0.

From relations �10� one can determine the thickness de-
pendence of penetration depths WSp,n and polarization �P3�
for different extrapolation lengths, since the quantities Ub,
nS

0, pS
0 	S, and 	33

b can be regarded as known material param-
eters. LGD-expansion coefficients �, �, and the gradient co-
efficient g are tabulated for the majority of proper and incipi-
ent ferroelectrics.

Material parameters used in the calculations of the hetero-
structures SrTiO3 / �La,Sr�MnO3 �STO/LSMO� and
BiFeO3 / �La,Sr�MnO3 �BFO/LSMO� polar properties are
listed in the Table I. Estimations show that the renormaliza-
tion of � and � by misfit strain um for LSMO/STO and

LSMO/BFO heterostructures is important for thin films with
thickness smaller than the critical thickness of misfit dislo-
cations 2–10 nm and becomes negligibly small for ferroelec-
tric films with thickness more than several dozens of nm �see
Table II�.

Extrapolation lengths �i and interface charge �S values
are not listed in the Table I since they strongly depend on the
interfacial states. Extrapolation length values could be ex-
tracted from the polarization distribution in ferroelectric
nanosystems �films, wires, etc.� obtained either
experimentally42,43 or determined by the first-principles
calculations.19,20 Extremely small and extremely high values
of extrapolation lengths describe the two limiting cases of
the surface-energy contribution to the total free energy. Ex-
tremely small values of �i correspond to complete suppres-
sion of the polarization on the surface while extremely large
ones—to the absence of the surface energy dependence on
polarization �so-called natural boundary conditions�. Allow-
ing for the remark below we consider two limiting cases of
the small and high values of extrapolation lengths.

The polar interface may produce a positive ionic charge
leading to displacements in LSMO. Figure 3 shows z distri-
butions of the electric polarization in the heterostructure
“ferroelectric BiFeO3 film—half-metal LaSrMnO3” �BFO/
LSMO� for different values of interface polarization Pb and
interface charge �S. It is seen that the polarization distribu-
tion near z=0 and its asymmetry are the main effects of the
interface polarization while the interface charge creates the
homogeneous electric field inside the ferroelectric film. That
is why the effect of Pb on the polarization distribution is
much weaker than the effect of �S. Below we consider the
case Pb=0.

Figure 4 shows z dependence of the electric polarization,
potential, and field and bulk charge density in the hetero-
structure of BFO/LSMO for different interface polarization
Pb, fixed extrapolation length, and interface charge �S. Note
that extrapolation length increase as well as the film thick-
ness increase lead to the decrease in Pb effect on the film
polar properties.

Figures 5 and 6 show the spatial distribution of electric
polarization, potential, and field and bulk charge density in
the heterostructure BFO/LSMO for zero interface charge
�S=0. When generating the plots in Figs. 5 we use small �i.
Plots in Figs. 6 correspond to high-enough �i values. As
anticipated the polarization distribution is almost homoge-
neous for the high extrapolation length. For a small extrapo-
lation length the polarization profile is more inhomogeneous.

Figures 7 and 8 illustrate z distributions of the electric
polarization, potential, and field and bulk charge density in
the heterostructure “incipient SrTiO3 film—half-metal
LaSrMnO3” �STO/LSMO� for zero interface charge �S=0.
When generating the plots in Figs. 7 we use small �i. Plots in
Figs. 8 correspond to high enough �i values. The resulting
built-in field Eb

f ��
Ub

L �f�−
Pb

	0	33
b �b�� �see Eq. �11b�� induces

the electric polarization in the incipient ferroelectric films.
The distributions shown in Figs. 7 and 8 correspond to the

stable ground state of the heterostructure incipient ferroelec-
tric STO/LSMO without interface charge ��S=0�, i.e., when
the free carriers are abundant in LSMO and there is no need
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in the screening interface charge. The characteristic feature
of the interface charge absence is the thin depletion layer WS
�several nm for LSMO� that is occupied by the main-type
carriers. The opposite case of depletion layers created by the
minor-type carriers, which can appear during the polarization
reversal in the proper ferroelectric film, will be considered in
the next section.

D. Calculations of the metastable states for typical
heterostructures (1D case)

As it was mentioned in Secs. II and III, when the free
carriers are abundant there is no need in the screening inter-
face charge �i.e., for thin depletion layer created by the main-
type carriers and thick layer created by the minor-type car-
ries�. In the opposite case of depletion layers created only by

TABLE II. Renormalization of Tc
� and � by misfit stain and dislocations originated at critical film thickness hd.

Interface
�orientation� um

hd

�nm� Tc
� at L�hd Tc+

um

�T

4Q12

s11+s12
Tc

� at L�hd Tc+
um

�T

hd

L

4Q12

s11+s12
� at L�hd �b+

4Q12
2

s11+s12
� at L�hd �b+

4Q12
2

s11+s12

hd
2

L2

LSMO/STO −0.0074 10.8 −12Tc Tc�1−13
hd

L � 1.05�b �b�1+0.05
hd

2

L2 �
�100�
LSMO/BFO −0.0230 2.4 0.6Tc Tc�1−0.4

hd

L � 1.23�b �b�1+0.23
hd

2

L2 �
�100�

TABLE I. Parameters of the bulk materials.

Material
Band gap

�eV�
Carries concentration

�cm−3�

Background permittivity, LGD-expansion
coefficients for ferroelectrics, electrostriction,

and elastic constants

LaSrMnO3 �LSMO�
half-metal

1 p type
�Refs. 29 and 30�

1.83�1022 �Ref. 31�1.65�1021

�Ref. 32��La0.7Sr0.3MnO3�

	S=30 �Ref. 33� effective lattice
constant a=3.876 Å

Nonferroelectric

BiFeO3 �BFO�
ferroelectric

3 Wide band-gap
semiconductor

	33
b=9.0 a� �Ref. 34� a=3.965 Å,

effective lattice constant

ahex=5.58 Å

�T=2.3�105 m / �F K�, Tc=1098–1103 K,
T=300 K,

�b=−2.44�109 m5 / �C2F�,
=1.56�1010 m9 / �C4F�

�extracted from data on static permittivity
from �Ref. 34��, PS=0.8 C /m2

�Refs. 35 and 36�
g=10−8–10−9 m3 /F �below we used the value 1.3

�10−8 m3 /F extracted from STEM data
�Ref. 37��

Q11=0.032 m4 /C2, Q12=−0.016 m4 /C2,
Q44=0.01 m4 /C2

s11=5.29�10−12 m2 /N, s12=−1.85�10−12 m2 /N,
s44=1.47�10−12 m2 /N

SrTiO3 �STO�
incipient ferroelectric

3 �without impurities� Dielectric 	33
b=43 �Ref. 38� 	33

b=5.7 �Ref. 39� lattice
constant a=0.3905 Å at room

�T=1.26�106 m / �F K� �Ref. 38� Tc=38 K, Tq=84 K,

�b= �8.1–6.8�109� m5 / �C2F�, =4�1012 m9 / �C4F�
�Refs. 39–41�

g=10−8–10−9 m3 /F �below we used the value 0.99
�10−9 m3 /F extracted from STEM data �Ref. 37��

Q11=0.051 m4 /C2, Q12=−0.016 m4 /C2,
Q44=0.020 m4 /C2

s11=3.89�10−12 m2 /N, s12=−1.06�10−12 m2 /N,
s44=8.20�10−12 m2 /N

aNote that listed values of the LGD expansion coefficients account for the background permittivity contribution in accordance with relations

��T�=	0
−1�	33

exp�T�−	33
b �−1 and PS

2= ���b
2−4�−�b� /2, where PS

2�T� and 	33
exp�T� are experimentally measured values.

MOROZOVSKA et al. PHYSICAL REVIEW B 81, 205308 �2010�

205308-8



the minor-type carriers �i.e., without interface charge states
located at z=0� the penetration depth WS is higher �up to tens
of nanometers as shown by the bottom curves in Figs. 9� and
corresponding screening of the spontaneous polarization ap-
peared weaker �compare bottom curves in Fig. 9�a� for meta-
stable polarization with the top curves for the stable ground
state�.

Figure 10 shows the hysteresis loops of the average po-
larization in the BFO film and corresponding field-
penetration depth in LSMO under the absence of the inter-
face charge �S and two different values of the major-type

carriers in LSMO. The loops asymmetry increases with the
increase in the carriers concentration �compare Figs. 10�a�
and 10�c� with Figs. 10�b� and 10�d��. The asymmetry of the
loops, both horizontal imprint and vertical shift, are caused
by the charge effects provided by the major-type carriers for
positive biases �Ue+Ub��0 and minor-type carriers for
negative biases �Ue+Ub��0, respectively, resulting in the
appearance of the build-in field.

The weak screening causes strong electric fields, which
resulting into the suppression of polarization inside the ferro-
electric film and increase in the system’s free energy since
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FIG. 3. �Color online� Polarization depth distribution �z in nm�
for the BFO/LSMO heterostructure. Contact potential difference at
z=0 is Ub=0 V, interface polarization Pb=−0.2,−0.1,
−0.05,0 ,0.05,0.1,0.2 C /m2 �curves from top to bottom�. Carriers
concentration in LSMO is pS

0=3�1026 m−3, BFO thickness L
=25 nm. �a� Extrapolation lengths �i=0 nm and interface charge
density �S=0; �b� �S=0.05 C /m2 and �i=0 nm; �c� �S

=0.1 C /m2 and �i=0 nm; and �d� �S=0, �1=5 nm, and �2

=50 nm.
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FIG. 4. �Color online� �a� Polarization, �b� potential, �c� electric
field, and �d� electric charge density z distributions for the BFO/
LSMO heterostructure. Contact potential difference at z=0 is Ub

=0 V, interface charge density �S=0.05 C /m2, and interface po-
larization Pb=−0.3,−0.2,−0.1,0 ,0.1,0.2,0.3 C /m2 �curves from
top to bottom�. Carriers concentration in LSMO is pS

0=1026 m−3

and BFO thickness L=25 nm.
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FIG. 5. �Color online� �a� Polarization, �b� potential, �c� electric
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=1 V, interface polarization Pb=0 and charge density �S=0. Car-
riers concentration in LSMO is pS

0=1026 m−3. Curves from the bot-
tom to the top correspond to different values of BFO film thickness
L=20,40,80,160 nm �figures near the curves� with extrapolation
lengths �i=2 nm.
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FIG. 6. �Color online� �a� Polarization, �b� potential, �c� electric
field, and �d� electric charge density z distributions for the BFO/
LSMO heterostructure. Contact potential difference at z=0 is Ub

=1 V, interface polarization Pb=0, and charge density �S=0. Car-
riers concentration in LSMO is pS
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to the bottom correspond to different thickness L
=20,40,80,160 nm �figures near the curves� of BFO film with
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depolarization field energy is always positive. As a result, the
strong field effect may lead to the bend bending at z=0 and
appearance of interface charge states.

Figure 11 shows the influence of the interface charge on
the thickness dependence of the stable and metastable �if
any� states of the average polarization �P3� in ferroelectric
BFO film. It is seen from Fig. 11 that the interface charges �S
of appropriate sign increases the average polarization and
smear the size-induced phase-transition point for the stable
states �compare upper curves 1–5�. Also the interface charges
lead to the strong asymmetry of the average polarization val-
ues in the stable up and metastable down states, which exist

not for all considered values of �S �compare up and bottom
curves in Figs. 11�. The interface charges �S act as the con-
tribution into the built-in field in the right-hand side of Eqs.
�10�.

As expected, the interface charges �S of appropriate sign
provide more effective screening of the spontaneous polar-
ization than the extended space-charge layer. The screening
by the interface charges �S makes polarization more homo-
geneous, subsequently decreases the depolarization field,
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which in turn self-consistently decreases the system free en-
ergy. So the absolutely stable profiles of reversed polariza-
tion shown in Fig. 12�a� by the bottom curves are more en-
ergetically preferable than the ones shown by the bottom
curves in Fig. 9�a� for zero interface charges ��S=0�. Thus
the interface charge may originate in the case of the weak
polarization screening from the semiconductor side �i.e., for
thick depletion layer created by the minor-type carriers�.

IV. EFFECT OF THE INCOMPLETE SCREENING AND
INTERFACE CHARGE ON THE LOCAL

POLARIZATION REVERSAL AND CHARGE TRANSPORT

In the initial �meta-� stable state the sluggish surface
charges � f =−�S+�S

0WS completely screen the electric dis-
placement outside the film. In contrast to the ground states
considered in the Sec. III, the recharging of surface charges
� f should appear during the local polarization reversal. The
ultrathin dielectric gap of thickness H models the separation
between the tip electrode and the sluggish charges inside a
contamination �or dead� layer.

The equilibrium domain structure is almost cylindrical for
the case of local polarization reversal caused by the localized
potential Ue�x ,y� applied to the SPM tip in thin ferroelectric
film �Fig. 1�c��. As a sequence the spontaneous polarization
distribution, the potential and the interface charges density
variations can be expressed in �x ,y�-Fourier representation.
In the Fourier k1,2 domain Eqs. �2� and �3� immediately split
into the two systems of differential equations. The first sys-
tem corresponds to the smooth components ���z� , P3�z�� was
solved in the previous section. The second system for the
modulating components is listed in Appendix B.

Approximate analytical solution in Eq. �6� may be used,
in particular, case of the disklike tip apex of radius R�L,
i.e., until ��Ue�x ,y��0 in the region of polarization rever-
sal. It was shown earlier44 that the transverse polarization
gradient could be neglected for the case of the strong in-
equality �g /2����R valid for all considered ferroelectrics at
room temperature and R�10 nm. Thus polarization
P3�x ,y ,z�� f�z ,L� averaged over the film thickness can be
determined from the Eqs. �10�.

Using the coercive volume conception of polarization re-
versal formulated in Ref. 44, the domain lateral sizes �x ,y�
can be estimated from the equation

	33
g �f�

	33
g L + 	33

b �1 − ��H
Ue�x,y� = Ec

��L,H� . �15�

The intrinsic coercive fields are given by Eq. �11b� for the
second-order ferroelectrics, 0���1 is the dimensionless
degree of the surface screening introduced earlier as � f
=���S

0WS−�S�.
For a typical tip potential distribution Ue�r�� Ud

�r2+d2 �d is

the effective tip size� the domain radius r=�x2+y2 depends

on applied bias U as r�U�=d�U2�
	33

g L+	33
b H�1−��

	33
g �f� Ec

��−2−1.
In general, case the current density inside ferroelectric

film consists of the conductivity, diffusion and displacement,
tunneling, and Schottky and Frenkel-Poole emission
currents.45 During the local polarization reversal the thick-
ness and electric charge of the space charge layer changes, in
particular, the positive charge can be substituted by the nega-
tive one or vise versa depending on the polarization direc-
tion. Such transformations should be accompanied by the
peaks of displacement currents, which shape and amplitude
depend on the domain shape and sizes. However, for nano-
scale contact a displacement current is significantly smaller
and faster then a constant leakage current, and hence is ig-
nored.
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Derived analytical expressions also allow estimations of
the tunneling current between the tip apex and ferroelectric
surface �if any exist�. Assuming that the ultrathin gap H is
transparent for the tunneling electrons, tunneling and field
emission currents could flow between the tip apex and ferro-
electric film surface. In the Fowler-Nordheim transport
regime45,46 the tunneling current density Jt�t�
�E3

2�� f�t��exp�− 2
��−L−H

0 dz�2m�q���z ,� f�t��−��0,� f�t���� is
determined by the potential ��z ,� f� and field E3�� f�t�� dis-
tributions given by Eqs. �6� and �7�, and corresponding pen-
etration depth in semiconductor, WS�Ue ,L ,H�, is determined
self-consistently from Eqs. �10�. The determination of the
surface-charge variation follows self-consistently from the
continuity equation

�� f

�t =−Jt supplemented by the initial con-
dition, e.g., � f�t=0�=0.

V. SUMMARY

Using Landau-Ginzburg-Devonshire approach we have
calculated the equilibrium distributions of electric field, po-
larization, and space charge in the ferroelectric-
semiconductor heterostructures containing proper or incipi-
ent ferroelectric thin films. In particular, it is shown that
space-charge effects introduce strong size effect on sponta-
neous polarization in 20–40-nm epitaxial films of ferroelec-
tric BiFeO3 on half-metal �La,Sr�MnO3 substrate, and can

induce strong polarization in incipient ferroelectric SrTiO3
on �La,Sr�MnO3.

We obtained analytical expressions for the cylindrical do-
main sizes appeared in ferroelectric film under the local po-
larization reversal, which is caused by the electric field in-
duced by the nanosized tip of the SPM probe. The intrinsic
field effects, which originated at the ferroelectric-
semiconductor interface, lead to the surface band bending
and result in the formation of the space-charge layer near the
semiconductor surface. We calculated how the build-in fields
smear the size-induced phase transition, induce polarization
in the incipient ferroelectric films, and lead to the polariza-
tion hysteresis loops vertical and horizontal asymmetry in
ferroelectric films. Derived analytical expressions allow esti-
mations of the tunneling current between the tip apex and
ferroelectric surface.
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APPENDIX A: POLARIZATION DISTRIBUTION CALCULATION

Allowing for Eq. �7�, polarization distribution P3�z� should be found from the Euler-Lagrange boundary problem in Eq. �2�
as

��� +
1

	0	33
b �P3 + �P3

3 + P3
5 − g

d2

dz2 P3 =
�S

0WS − �S

	0	33
b

	�P3 + �1
dP3

dz
�	

z=0
= − Pb, 	�P3 − �2

dP3

dz
�	

z=−L
= 0.
 �A1�

Let us look for the solution of the problem �A1� in the form P3�z�= �P3�+ p�z�, where the average polarization �P3�
� 1

L�−L
0 P3�z̃�dz̃ is introduced. The variation p average value is zero: �p��0. So, the problem �A1� acquires the form

��
� + 3��P3�2 + 5�P3�4 +

1

	0	33
b �p + 3��P3�p2 + �p3 − g

d2p

dz2

=
�S

0WS − �S − �P3�
	0	33

b − ���P3� + ��P3�3 + �P3�5�

	�p + �1
dp

dz
�	

z=0
= − �P3� − Pb, 	�p − �2

dp

dz
�	

z=−L
= − �P3� .


 �A2�

Since always �+ 1
	0	33

b �0 �as well as �+3��P3�2+ 1
	0	33

b �0� for both proper and incipient ferroelectrics, Eq. �A2� can be
linearized with respect to the deviation p and then solved by standard methods.

After elementary transformations, polarization distribution acquires the form

P3�z� =
	S − 1

	S
q pS

0�z − WSp� · ��WSp − z�, z � 0, depletion of n-type carriers

− nS
0�z − WSn� · ��WSn − z�, z � 0, depletion of p-type carriers,

� �A3�
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P3�z� =
2	0	33

b �P3�3�� + 2�P3�2� + �S
0WS − �S

	0	33
b �� + 3��P3�2� + 1

f�z,L� − Pbb�z,L�, − L � z � 0. �A4�

The space distribution is governed by the functions f and b

f�z,L� = 1 − �
�2 cosh��L + z�/�� + �1 cosh�z/�� + ��sinh��L + z�/�� − sinh�z/���

��2 + �1�2�sinh�L/�� + ���1 + �2�cosh�L/��
, �A5a�

b�z,L� =
��2 cosh��L + z�/�� + �2 sinh��L + z�/��

��2 + �1�2�sinh�L/�� + ���1 + �2�cosh�L/��
. �A5b�

Characteristic length

� =� 	0	33
b g

	0	33
b �� + 3��P3�2 + 5�P3�4� + 1

� �	0	33
b g .

Then the average polarization �P3� and depths WSn,p should be determined self-consistently from the spatial averaging of Eq.

�8b�, �P3�=
2	0	33

b �P3�3��+2�P3�2�+�S
0WS−�S

	0	33
b ��+3��P3�2+5�P3�4�+1

�f�− Pb · �b�, and boundary conditions in Eqs. �4b� and �4c�.
For particular case H=0 and =0, ��0 for the second-order ferroelectrics this gives the system of coupled algebraic

equations

�−
�S

0WS
2

2	0	S
+ L��S

0WS

	0	33
b −

�S + �P3�
	0	33

b � = Ub

�P3��� + ��P3�2�3 − 2�f�� +
1

	0	33
b � = ��S

0WS − �S

	0	33
b ��f� − Pb�b��� + 3��P3�2 +

1

	0	33
b � ,
 �A6�

where

�f� = 1 −
�2�2��cosh�L/�� − 1� + ��1 + �2�sinh�L/���

L����1 + �2�cosh�L/�� + ��2 + �1�2�sinh�L/���
� 1 −

�2�2� + �1 + �2�
L����1 + �2� + �2 + �1�2�

and

�b� =
�2�2 sinh�L/�� − �3�1 − cosh�L/���

L���2 + �1�2�sinh�L/�� + ���1 + �2�cosh�L/���
�

�2�� + �2�
L��2 + �1�2 + ���1 + �2��

=
�2

L�� + �1�
. .

The system �A6� reduces to the relations

��P3� = − �S + �S
0WS +

	33
b �S

0

2L	S
WS

2 − 	0	33
b Ub

L

�� +
1

	0	33
b ��P3� + ��P3�3�3 − 2�f�� = ��S

0WS − �S

	0	33
b ��f� −

Pb�b�
	0	33

b .
 �A7�
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Since �P3�=−�S+�S
0WS+

	33
b �S

0

2L	S
WS

2−	0	33
b Ub

L and ��P3�+�S

+	0	33
b Ub

L � 1
�S

0 �0, the second of Eqs. �14� reduces to six-order
algebraic equation for the built-in field determination.

The polarization contribution into the relative atomic dis-
placement u3 can be estimated as u3�z��

VS

QS
B P3�z� at z�0 and

u3�z��
VFE

QIF
B P3�z� at −L�z�0. Here Vj is the volume of the

corresponding unit cell, QB is the Born effective charge of
the lightest atom “B.” For perovskites considered hereinafter
VFE,S�6.4�10−29 m3

APPENDIX B: CALCULATIONS OF LOCAL SWITCHING
INDUCED BY SPM TIP

The potential applied to the SPM tip is localized, i.e.,
U�x ,y�=�−�

� dk1�−�
� dk2u�k�exp�−ik1x− ik2y�. As a sequence

the spontaneous polarization distribution can be approxi-
mated as PS�x ,y ,z�= P3�z�+�−�

� dk1�−�
� dk2pS�k ,z�exp�−ik1x

− ik2y�, the potential � f�x ,y ,z�=��z�+�−�
� dk1�−�

�

dk2�̃�k ,z�exp�−ik1x− ik2y� and the interface charges density
variation ��S�x ,y�=�−�

� dk1�−�
� dk2�̃S�k�exp�−ik1x− ik2y� can

be expressed in Fourier representation.
In the Fourier k1,2 domain Eqs. �3� immediately split into

the two systems of differential equations. The first system
corresponds to the smooth components ���z� , P3�z�� was
solved in the previous section. The second system for the
modulating components is

d2�̃

dz2 − k2�̃ = 0, − H − L � z � − L ,

	33
b d2�̃

dz2 − 	11k
2�̃ =

1

	0

dpS�k,z�
dz

, − L � z � 0,

d2�̃

dz2 − k2�̃ = 0, z � 0, �B1�

where k2=k1
2+k2

2. Rewritten for the modulating components,
the boundary conditions in Eq. �4� acquire the form

�̃�k,− L − H� = u�k� ,

�̃�k,− L + 0� − �̃�k,− L − 0� � 0,

	0�	33
b d�̃�k,− L + 0�

dz
− 	33

g d�̃�k,− L − 0�
dz

� − pS�k,− L�

= �̃ f�k� ,

	0�	33
b d�̃�k,+ 0�

dz
− 	S

d�̃�k,− 0�
dz

� − pS�k,0� = �̃S�k�,

�̃�k,+ 0� − �̃�k,− 0� � 0,

�̃�k,z → �� = 0, �B2�

where the gap dielectric permittivity 	33
g is introduced.

LGD equation, Eq. �2�, for determination of the modula-
tion pS�k ,z� acquires the form

�� + gk2 + 3�P3
2�z� − g

d2

dz2�pS�k,z�

= −
d

dz
�̃�k,z� − �Q�pS�k,z�� ,

Q�pS�k,z�� = �
−�

�

dk�pS�k���
−�

�

dk�pS�k − k� − k��pS�k��

+ 3P3�z��
−�

�

dk�pS�k − k��pS�k�� .

	�pS + �1
dpS

dz
�	

z=0
= 0, 	�pS − �2

dpS

dz
�	

z=−L
= 0 �B3�

The value pS�k ,−L� should be determined self-consistently
allowing for the distribution of the surface charge �̃ f�k� lo-
calized at z=−L and the interface charge �̃S�k� localized at
z=0.
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